This paper presents a new precision guidance law with impact angle constraint for a two-dimensional planar intercept. It is based on the principle of following a circular arc to the target, hence the name "Circular Navigation Guidance" (CNG). This law is shown mathematically to he successful over a wide range of initial conditions. Computer simulations show that CNG performs much better than an equivalent law from the literature, and that it outperforms the standard Proportional Navigation Guidance (PNG) law in terms of miss distance. A simplified law is presented that can he used without rangeto-target information.
Introduction
The vast majority of guidance laws have one objective: to reduce to zero the distance between the missile and the target. This is not always sufficient: in some cases the direction from which the missile approaches the target is also important. These include situations where a heavily armored target is best hit from a specific angle, or when it is desired to disable a plane or vehicle without hitting either a dangerous payload or the pilot. Despite the many applications and recent interest in such a guidance law, there is still the need for a law which is both mathematically precise and practically realizable. This paper presents significant progress in this area.
The first published work on this problem [l] is for guiding a ballistic reentry vehicle. hlore recent work [Z] introduced a time varying bias term to the proven Proportional Navigation Guidance (PNG) law (see, for example, 131 for information on PNG), which was found to be successful over a certain range of angles. Op timd control theory was used to derive another law in [4] for the case where missile velocity varies due to aerodynamic effects. The author's simulations showed this law to be successful against a slow moving target, mulations are shown to be applicable to this problem. However, these rely on a linearized sysbem allowing acceleration of the missile in any direction, which is not possible in most. existing missile systems. In this paper we consider more practical restrictions resulting in a nonlinear model.
The new law presented herein, termed Circular Navigation Guidance (CNG), is based on the simple g e e metrical principle of following a circular arc towards the target. This theoretically guarantees zero miss distance and perfect impact angle under certain conditions, which are very reasonable in practice.
Aerodynamic effects such as drag are neglected, and both target and missile are assumed he mathematical points moving in a two-dimensional plane with constant speed. This means that t,he control input (and the target's evasive manoeuvre) can only cause acceleration perpendicular to the missile's (or target's) velocity, i.e. perform a turning motion. Thus we must control an underactuated nonlinear system. Simulation studies are presented in which CNG compares very favorably to the BPNG law from [Z] , and it is shown to give smaller miss distances than the standard Proportional Navigation Guidance law.
The structure of this paper is as follows: in Section 2 the problem is stated mathematically in terms of a state space model. Section 3 states the CNG law. Section 4 presents some mathematical analysis for this law, although proofs are omitted to meet page restrictions. Section 5 presents the results from some computer simulations. Section 6 compares miss distance performance of CNG to PNG and BPNG for manoeuvring targets. Some conclusions are given in Section 7.
P r o b l e m Statement
The problem being considered is to reduce the miss distance as close as possible to zero, and have the missile approach the target from as close as possible to some specified angle, referred to as @, relative to the target's velocity vector. We now examine this mathematically.
It is helpful first to present the system model in a cartesian state space, and from these states we define some meaningful scalar and angular values that we use to formulate the guidance law.
\\' e introduce three twwdimensional real vectors in Cartesian coordinates which together fully describe the state of the system: Qualitatively: r(t) is the range between missile and target, C M is the speed of the missile and CT the speed of the target. note that CA( and CT are not time dependant: we are assuming that missile and target speed is constant. The angle o(t) is that of the line of sight between missile and target, rb,(t) is the missiles heading angle and h ( t ) is the target's beading angle. All are with respect to a horizontal reference, where a positive angle is one of anti-clockwise rotation. These are visualized in Figure 1 .
Now we state our problem quantitatively: to calculate some control signal:
such that, for some unspecified final time T ,
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The proposed guidance law, CNG, is now defined.
We introduce four more angles used in CNG:
CA4
That is, X ( t ) is the angle between the line of sight vector and the missile's velocity vector, XT(t) is the equivalent value for the target, and ~ ( t ) is the angle hetween the desired impact velocity vector and the line of sight vector (see Fig 1) . The reasoning for X, f f is explained in Section 4.
Let kp be some unitless gain term, then the cont. Suppose that a controller of the f o m (3) is designed such that the angles X(t) and E ( t ) are kept exactly equal over the full flight time, then the missile's trajectory will be an arc on this circle. Furthermorr, this will result in a perfect intercept, as defined in Definition 1.
The proof, which is based in simple Euclidean geome try, is omitted to save space. Now, consider the case of a target moving with constant velocity. For the missile to impact with the r e quired d a t i v e velocity, then an offset X,f,(t) must be added to X ( t ) to compensate for the target's velocity. The offset is found by equating the components of the missile's and target's velocities which are perpendicular to t.he line of sight when the missile is close to collision: We now present some mathematical reasoning for the CNG law. Consider first the case of a stationary target, i.e. CT = 0, aT(.) = 0, and assume that the desired approach angle (YT(.) + 8) is arbitrarily defined and constant, since ?T(.) is undefined for a stationary target. We propose the following:
. .
for the entire flight t.ime, a perfect collision will result. Suppose first that the initial conditions satisfy this equality, then we need to satisfy the following:
We state without proof that for (13) to hold, control signal uf must be
which leads to the formula in equation (7).
This controller will be sufficient if the target is moving with precisely constant velocity and initial conditions are perfect. In most real world cases these are not valid assumptions, so a second control signal is added. It is the simple proportional controller up(t) in equation (8) which will drive X(t) close to c ( t ) + A,ff(t), and does well to account for inconvenient initial conditions and target manoeuvres.
It should be noted that the control signal from u p ( t ) can be used alone. 
I "
then the guidance law given in (7), (S), (9) will result in a perfect intereept, as defined in Definition 1.
Proof omitted to meet the page restrictions.
I t is a reasonable hope that a guidance law which works perfectly for non-manoeuvring targets will work acceptably for manoeuvring targets. This is explored in the following section on computer simulations.
Simulation Results
We ran numerous computer simulations to compare the performance of CNG to other laws in the literature. These involved simulating a batch of missileftarget engagements for each law, w i n g some parameter, to examine how that parameter effects performance.
The first batch of simulations were done to examine the performance of CNG over a range of initial angle errors. The target in this case is moving at constant velocity, and the desired angle (3, and hence initial angle error E(O), are modulated over a wide range.
The initial conditions are as follows:
It was assumed that v~ ( 0 ) can be assigned by the guidance law. Figure 2 shows the resulting angle errors for three laws: Circular Navigation Guidance (CNG), CNG using only As can be seen, CNG successfully intercepted the target when ~( 0 ) E [-135', 135"l. Beyond this range, intercept was unsuccessful owing to the reasons analyzed in Section 4. Within this range, the maximum angle error was 0.2"; this error is simply due to integration of the discretized system equations, and a true continuous time system would give zero error. Indeed, when increasing the accuracy of our simulations (and greatly increasing the time it takes to run them) we have observed that this error tends towards zero.
Using only the proportional controller we see excellent performance for angles < 50", but larger errors occurred at wider angles. Increasing the value of the controller gain k, decreases these errors, but would also make the system more sensitive to measurement noise, so a compromise must be met if the proportional controller is to be used alone.
Our simulations of BPNG resulted in angle errors higher than 3' in places, an order of magnitude larger than those for CNG. Perhaps more significantly, the range of angles over which BPNG gave a successful intercept is much narrower than that for CNG (~(0) E 1-75', 75"l). Outside this range, the missile was unable to intercept the target. We found that decreasing the target speed greatly increased the range of both laws, but CNG's range was consistently much larger. Figure 3 shows the miss distances over the same range. Due to the resolution of our simulations, miss distances of less than one half meter are equivalent, and can all be considered to have reached the target perfectly. We can see that for all angles from which a guidance law was successful, it gives as close to perfect miss distance as we can measure. Of course, the range for success for CNG was much wider than that for BPNG.
Miss Distance Comparisons of CNG and PNG
The miss distances achieved using CNG over a range of different manoeuvre frequencies were analyzed. These were compared to PNG, as well as BPNG from [2]. The primary reason for doing this is that PNG makes no attempt to prescribe impact angle, and seeks only to minimize miss distance; however it is the solution to a linear'quadratic optimal control problem and therefore in theory doesn't give perfect performance. CNG, on the other hand, seeks to minimize miss distance as well as prescribe some impact angle, but in theory it does
give perfect performance against a non-manoeuvring target.
Each law was simulated against a target with a square wave manoeuvre acceleration from (16) with Ad = 20
and Wd varied over the range [2 101 rad/s. We set @ = 0 for all simulations, indicating a tail-on approach for the laws which modulate impact angle. Initial conditions are otherwise the same as in section 5 . Note that performance was calculated at frequencies lower than those plotted, but the full intercept time was less than one half duty cycle of the target's acceleration function, and therefore the target followed an identical circular path for all these simulations.
The results of our simulations are shown in Figure  6 . W e can see that CNG performs much better than PNG against a manoeuvring target, especially with low frequency. Therefore we can state that CNG sacrifices nothing in terms of miss distance performance to achieve the desired impact angle, and in fact works better than the most common law in the literature.
We also compare the performance of BPNG; which is shown to give significantly worse performance than either CNG or PNG. When using only the proportional controller for CNG, miss distances were in fact smaller than the full controller.
"l 'up-.o,,- Both laws theoretically give zero miss distance and angle error over some range of angles for a nonmanoeuvring target. However, the process of discretizing the system for simulation causes non-zero errors.
In practice, a real controller will always implemented on a computer, and thus be discretized, so it may be quite important that these errors are smaller for CNG than for BPNG. Also, a law which is more resilient to this effect may perform better against targets which have non-zero size, and aren't just infinitesimal points; again, this will always be the case in practice.
Earlier we suggested that a law which, in theory, works perfectly for a non-manoeuvring target will also work well for a manoeuvring target. This was tested with computer simulations, and the results suggest this is a reasonable assumption.
Initial conditions are as above, except that the target manoeuvre signal was a squarewave defined as follows:
where Ad = 2 0 r n~-~, wd = 2 rad/s for our simulations. Figure 4 shows the angle error resulting for the three laws tested. We can see that the introduction of a manoeuvring target slightly increased the angle error of all laws, hut did not change the range of angles over which each was successful.
The miss distances for this situation are plotted in Figure 5 . We see little change between these results and those for a non-manoeuvring target in Figure 3 . From this data, we can say that all laws considered handle target manoeuvres well; this is examined further in the next section.
Conclusion
The problem of precision missile guidance has been considered, and a new nonlinear guidance law -Circular Navigation Guidance -was proposed. It is formulated on the basis of simple planar geometry, and can be mathematically to he successful over a wide range of potential intercept problems.
Computer simulations were used to compare it to an equivalent guidance law from the literature, and they showed that our new law consistently outperformed the existing law. CNG was shown also to give better miss distance performance than the PNG law, which is d e signed only to minimize miss distance and makes no attempt to modulate impact angle.
A simplified law based on the same principles was also shown which does not need r a n g e t e t a g e t information, and results in only minor degradation in performance.
Further research is focusing on the output feedback performance of this law. For this we are investigating the use of a robust Kalman filter and the concept of integral quadratic constraints (see [7] ,[8], [9] ). We will also be investigating the timedomain nature of the control signal, and robustness to effects such as controller saturation. 
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